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Abstract
Section 1 introduces the notion of h-normal Γ-linear connection on the
1-jet fibre bundle J1(T,M), and studies its local components. Section 2 anal-
yses the main local components of torsion and curvature d-tensors attached to
an h-normal Γ-linear connection ∇. Section 3 presents the local Ricci identities
induced by ∇. The identities of the local deflection d-tensors are also exposed.
Section 4 is dedicated to the writing of the local Bianchi identities of ∇.
Mathematics Subject Classification (1991): 53C07, 53C43, 53C99.
Key Words: 1-jet fibre bundle, nonlinear connection, Γ-linear connection, h-normal
Γ-linear connection, Ricci and Bianchi identities.
1 Components of h-normal Γ-linear connections
Let T (resp. M) be a ”temporal” (resp. ”spatial”) manifold of dimension p (resp.
n) which is coordinated by (tα)α=1,p (resp.(x
i)i=1,n). Let us consider the 1-jet fibre
bundle J1(T,M) → T × M , naturally coordinated by (tα, xi, xiα). The coordinate
transformations on the product manifold T × M , induce the following coordinate
transformations (gauge group) on J1(T,M),

t˜α = t˜α(tβ)
x˜i = x˜i(xj)
x˜iα =
∂x˜i
∂xj
∂tβ
∂t˜α
x
j
β .
(1.1)
Note that, throughout this paper, the indices α, β, γ, . . . run from 1 to p while the
indices i, j, k, . . . run from 1 to n.
On E = J1(T,M), we fixe a nonlinear connection Γ defined by the temporal com-
ponents M
(i)
(α)β and the spatial components N
(i)
(α)j .We recall that the transformation
rules of the local components of the nonlinear connection Γ are expressed by [10]


M˜
(j)
(β)µ
∂t˜µ
∂tα
=M
(k)
(γ)α
∂x˜j
∂xk
∂tγ
∂t˜β
−
∂x˜
j
β
∂tα
N˜
(j)
(β)k
∂x˜k
∂xi
= N
(k)
(γ)i
∂x˜j
∂xk
∂tγ
∂t˜β
−
∂x˜
j
β
∂xi
.
(1.2)
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Example 1.1 Let hαβ(t
γ) (resp. gij(x
k)) a semi-Riemannian metric on the temporal
(resp. spatial) manifold T (resp. M), and Hγαβ (resp γ
k
ij) its Christoffel symbols.
Studying the transformation rules of the local components

M
(j)
(β)α = −H
γ
αβx
j
γ
N
(j)
(β)i = γ
j
ikx
k
β ,
(1.3)
we conclude that Γ0 = (M
(j)
(β)α, N
(j)
(β)i) represents a nonlinear connection on E. This is
called the cannonical nonlinear connection attached to the semi-Riemannian metrics
hαβ and ϕij .
Let us consider
{
δ
δtα
,
δ
δxi
,
∂
∂xiα
}
⊂ X (E) and {dtα, dxi, δxiα} ⊂ X
∗(E) the
adapted bases of the nonlinear connection Γ, where

δ
δtα
=
∂
∂tα
−M
(j)
(β)α
∂
∂x
j
β
δ
δxi
=
∂
∂xi
−N
(j)
(β)i
∂
∂x
j
β
δxiα = dx
i
α +M
(i)
(α)βdt
β +N
(i)
(α)jdx
j .
(1.4)
These bases will be used in the description of geometrical objects on E, because their
transformation laws are very simple [10]:

δ
δtα
=
∂t˜β
∂tα
δ
δt˜β
,
δ
δxi
=
∂x˜j
∂xi
δ
δx˜j
,
∂
∂xiα
=
∂x˜j
∂xi
∂tα
∂t˜β
∂
∂x˜
j
β
,
dtα =
∂tα
∂t˜β
dt˜β , dxi =
∂xi
∂x˜j
dx˜j , δxiα =
∂xi
∂x˜j
∂t˜β
∂tα
δx˜
j
β .
(1.5)
In order to develope the theory of Γ-linear connections on the 1-jet space E, we
need the following
Proposition 1.1 i) The Lie algebra X (E) of vector fields decomposes as
X (E) = X (HT )⊕X (HM )⊕X (V),
where
X (HT ) = Span
{
δ
δtα
}
, X (HM ) = Span
{
δ
δxi
}
, X (V) = Span
{
∂
∂xiα
}
.
ii) The Lie algebra X ∗(E) of covector fields decomposes as
X ∗(E) = X ∗(HT )⊕X
∗(HM )⊕X
∗(V),
where
X ∗(HT ) = Span{dt
α}, X ∗(HM ) = Span{dx
i}, X ∗(V) = Span{δxiα}.
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Let us consider hT , hM (horizontal) and v (vertical) as the canonical projections
of the above decompositions. In this context, we have
Definition 1.1 A linear connection ∇ : X (E) × X (E) → X (E) is called a Γ-linear
connection on E if ∇hT = 0, ∇hM = 0 and ∇v = 0.
In order to describe in local terms a Γ-linear connection ∇ on E, we need nine
unique local components,
∇Γ = (G¯αβγ , G
k
iγ , G
(i)(β)
(α)(j)γ , L¯
α
βj, L
k
ij , L
(i)(β)
(α)(j)k, C¯
α(γ)
β(k) , C
j(γ)
i(k) , C
(i)(β)(γ)
(α)(j)(k)),(1.6)
which are locally defined by the relations
(hT ) ∇ δ
δtγ
δ
δtβ
= G¯αβγ
δ
δtα
, ∇ δ
δtγ
δ
δxi
= Gkiγ
δ
δxk
, ∇ δ
δtγ
∂
∂xiβ
= G
(k)(β)
(α)(i)γ
∂
∂xkα
,
(hM ) ∇ δ
δxj
δ
δtβ
= L¯αβj
δ
δtα
, ∇ δ
δxj
δ
δxi
= Lkij
δ
δxk
, ∇ δ
δxj
∂
∂xiβ
= L
(k)(β)
(α)(i)j
∂
∂xkα
,
(v) ∇ ∂
∂x
j
γ
δ
δtβ
= C¯
α(γ)
β(j)
δ
δtα
, ∇ ∂
∂x
j
γ
δ
δxi
= C
k(γ)
i(j)
δ
δxk
, ∇ ∂
∂x
j
γ
∂
∂xiβ
= C
(k)(β)(γ)
(α)(i)(j)
∂
∂xkα
.
Remark 1.1 The transformation rules of the above connection coefficients are com-
pletely described in [12].
Example 1.2 Let us consider Γ0 = (M
(i)
(α)β , N
(i)
(α)j) the canonical nonlinear connection
on E, attached to the semi-Riemannian metrics pair (hαβ , ϕij). In these conditions,
the following local coefficients [12]
BΓ0 = (G¯
α
βγ , 0, G
(k)(β)
(α)(i)γ , 0, L
k
ij , L
(k)(β)
(α)(i)j, 0, 0, 0),
where G¯γαβ = H
γ
αβ , G
(k)(β)
(γ)(i)α = −δ
k
iH
β
αγ , L
k
ij = γ
k
ij and L
(k)(β)
(γ)(i)j = δ
β
γ γ
k
ij , verify the
transformation rules of the local coefficients of a Γ0-linear connection. This is called
the Berwald Γ0-linear connection of the metrics pair (hαβ , ϕij).
Now, let ∇ be a Γ-linear connection on E, locally defined by 1.6. The linear
connection ∇ induces a natural linear connection on the d-tensors set of the jet fibre
bundle E = J1(T,M), in the following fashion: starting with a vector field X and a
d-tensor field D locally expressed by
X = Xα
δ
δtα
+Xm
δ
δxm
+X
(m)
(α)
∂
∂xmα
,
D = D
αi(j)(δ)...
γk(β)(l)...
δ
δtα
⊗
δ
δxi
⊗
∂
∂x
j
β
⊗ dtγ ⊗ dxk ⊗ δxlδ . . . ,
we introduce the covariant derivative
∇XD = X
ε∇ δ
δtε
D +Xp∇ δ
δxp
D +X
(p)
(ε)∇ ∂
∂x
p
ε
D =
{
XεD
αi(j)(δ)...
γk(β)(l).../ε +X
p
D
αi(j)(δ)...
γk(β)(l)...|p +X
(p)
(ε)D
αi(j)(δ)...
γk(β)(l)...|
(ε)
(p)
} δ
δtα
⊗
δ
δxi
⊗
∂
∂x
j
β
⊗ dtγ ⊗ dxk ⊗ δxlδ . . . ,
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where
(hT )


D
αi(j)(δ)...
γk(β)(l).../ε =
δD
αi(j)(δ)...
γk(β)(l)...
δtε
+D
µi(j)(δ)...
γk(β)(l)...G¯
α
µε+
D
αm(j)(δ)...
γk(β)(l)... G
i
mε +D
αi(m)(δ)...
γk(µ)(l)... G
(j)(µ)
(β)(m)ε + . . .−
−D
αi(j)(δ)...
µk(β)(l)...G¯
µ
γε −D
αi(j)(δ)...
γm(β)(l)...G
m
kε −D
αi(j)(µ)...
γk(β)(m)...G
(m)(δ)
(µ)(l)ε − . . . ,
(hM )


D
αi(j)(δ)...
γk(β)(l)...|p =
δD
αi(j)(δ)...
γk(β)(l)...
δxp
+D
µi(j)(δ)...
γk(β)(l)...L¯
α
µp+
D
αm(j)(δ)...
γk(β)(l)... L
i
mp +D
αi(m)(δ)...
γk(µ)(l)... L
(j)(µ)
(β)(m)p + . . .−
−D
αi(j)(δ)...
µk(β)(l)...L¯
µ
γp −D
αi(j)(δ)...
γm(β)(l)...L
m
kp −D
αi(j)(µ)...
γk(β)(m)...L
(m)(δ)
(µ)(l)p − . . . ,
(v)


D
αi(j)(δ)...
γk(β)(l)...|
(ε)
(p) =
∂D
αi(j)(δ)...
γk(β)(l)...
∂x
p
ε
+D
µi(j)(δ)...
γk(β)(l)...C¯
α(ε)
µ(p)+
D
αm(j)(δ)...
γk(β)(l)... C
i(ε)
m(p) +D
αi(m)(δ)...
γk(µ)(l)... C
(j)(µ)(ε)
(β)(m)(p) + . . .−
−D
αi(j)(δ)...
µk(β)(l)...C¯
µ(ε)
γ(p) −D
αi(j)(δ)...
γm(β)(l)...C
m(ε)
k(p) −D
αi(j)(µ)...
γk(β)(m)...C
(m)(δ)(ε)
(µ)(l)(p) − . . . .
The local operators ”/ε”, ”|p” and ”|
(ε)
(p)” are called the T -horizontal covariant
derivative, M -horizontal covariant derivative and vertical covariant derivative of the
Γ-linear connection ∇.
Remarks 1.2 i) In the particular case of a function f(tγ , xk, xkγ) on J
1(T,M), the
above covariant derivatives reduce to

f/ε =
δf
δtε
=
∂f
∂tε
−M
(k)
(γ)ε
∂f
∂xkγ
f|p =
δf
δxp
=
∂f
∂xp
−N
(k)
(γ)p
∂f
∂xkγ
f |
(ε)
(p) =
∂f
∂x
p
ε
.
(1.7)
ii) Particularly, starting with a d-vector field X on J1(T,M), locally expressed by
X = Xα
δ
δtα
+X i
δ
δxi
+X
(i)
(α)
∂
∂xiα
,
the following expressions of above covariant derivatives hold good:
(hT )


Xα/ε =
δXα
δtε
+XµG¯αµε
X i/ε =
δX i
δtε
+XmGimε
X
(i)
(α)/ε =
δX
(i)
(α)
δtε
+X
(m)
(µ) G
(i)(µ)
(α)(m)ε,
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(hM )


Xα|p =
δXα
δxp
+XµL¯αµp
X i|p =
δX i
δxp
+XmLimp
X
(i)
(α)|p =
δX
(i)
(α)
δxp
+X
(m)
(µ) L
(i)(µ)
(α)(m)p,
(v)


Xα|
(ε)
(p) =
∂Xα
∂x
p
ε
+XµC¯
α(ε)
µ(p)
X i|
(ε)
(p) =
∂X i
∂x
p
ε
+XmC
i(ε)
m(p)
X
(i)
(α)|
(ε)
(p) =
∂X
(i)
(α)
∂x
p
ε
+X
(m)
(µ) C
(i)(µ)(ε)
(α)(m)(p).
iii) The local covariant derivatives associated to the Berwald Γ0-linear connection,
will be denoted by ”//ε”, ”‖p” and ”‖
(ε)
(p)”.
Now, let hαβ be a fixed pseudo-Riemannian metric on the temporal manifold T ,
H
γ
αβ its Christoffel symbols and J = J
(i)
(α)βj
∂
∂xiα
⊗dtβ⊗dxj , where J
(i)
(α)βj = hαβδ
i
j, the
normalization d-tensor [10] attached to the metric hαβ. The big number of coefficients
which characterize a Γ-linear connection on E, determines us to consider the following
Definition 1.2 A Γ-linear connection ∇ on J1(T,M), defined by the local coefficients
∇Γ = (G¯αβγ , G
k
iγ , G
(k)(β)
(α)(i)γ , L¯
α
βj , L
k
ij, L
(k)(β)
(α)(i)j , C¯
α(γ)
β(j) , C
k(γ)
i(j) , C
(k)(β)(γ)
(α)(i)(j) ),
that verify the relations G¯αβγ = H
α
βγ , L¯
α
βj = 0, C¯
α(γ)
β(j) = 0 and ∇J = 0, is called an
h-normal Γ-linear connection.
Remark 1.3 Taking into account the local covariant T -horizontal ”/γ”,M -horizontal
”|k” and vertical ”|
(γ)
(k)” covariant derivatives induced by ∇, the condition ∇J = 0 is
equivalent to
J
(i)
(α)βj/γ = 0, J
(i)
(α)βj|k = 0, J
(i)
(α)βj |
(γ)
(k) = 0.
In this context, we can prove the following
Theorem 1.2 The coefficients of an h-normal Γ-linear connection ∇ verify the iden-
tities
G¯
γ
αβ = H
γ
αβ , L¯
α
βj = 0, C¯
α(γ)
β(j) = 0,
G
(k)(β)
(α)(i)γ = δ
β
αG
k
iγ − δ
k
iH
β
αγ , L
(k)(β)
(α)(i)j = δ
β
αL
k
ij , C
(k)(β)(γ)
(α)(i)(j) = δ
β
αC
k(γ)
i(j) .
Proof. The first three relations come from the definition of an h-normal Γ-linear
connection.
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The condition ∇J = 0 implies locally that

hβµG
(i)(µ)
(α)(j)γ = hαβG
i
jγ + δ
i
j
[
−
∂hαβ
∂tγ
+Hβγα
]
hβµL
(i)(µ)
(α)(j) = hαβL
i
jk
hβµC
(i)(µ)(γ)
(α)(j)(k) = hαβC
i(γ)
j(k) ,
where Hβγα = H
µ
βγhµα represent the Christoffel symbols of the first kind attached
to the pseudo-Riemannian metric hαβ. Contracting the above relations by h
βε, one
obtains the last three identities of the theorem.
Remarks 1.4 i) The preceding theorem implies that an h-normal Γ-linear on E is
determined just by four effective coefficients
∇Γ = (Hγαβ , G
k
iγ , L
k
ij , C
k(γ)
i(j) ).(1.8)
ii) In the particular case (T, h) = (R, δ), a δ-normal Γ-linear connection identifies
to the notion of N -linear connection used in Lagrangian geometry [5].
Example 1.3 The canonical Berwald Γ0-linear connection associated to the metrics
pair (hαβ , ϕij) is an h-normal Γ0-linear connection, defined by the local coefficients
BΓ0 = (H
γ
αβ , 0, γ
k
ij , 0).
2 Components of torsion and curvature d-tensors
The study of the torsion T and curvature R d-tensor of an arbitrary Γ-linear
connection ∇ on E was made in [12]. In that context, we proved that the torsion
d-tensor is determined by twelve effective local torsion d-tensors, while the curvature
d-tensor of ∇ is determined by eighteen local d-tensors.
Let us start with an h-normal Γ-linear connection ∇. Following the formulas
described in [12] and using the properties of ∇, it follows that the torsion d-tensors
T¯
µ
αβ, T¯
µ
αj and P¯
µ(β)
α(j) vanish. Moreover, we deduce that the following theorem holds
good.
Theorem 2.1 The torsion d-tensor T of an h-normal Γ-linear connection ∇, is de-
termined by nine effective local d-tensors,
hT hM v
hThT 0 0 R
(m)
(µ)αβ
hMhT 0 T
m
αj R
(m)
(µ)αj
hMhM 0 T
m
ij R
(m)
(µ)ij
vhT 0 0 P
(m) (β)
(µ)α(j)
vhM 0 P
m(β)
i(j) P
(m) (β)
(µ)i(j)
vv 0 0 S
(m)(α)(β)
(µ)(i)(j)
(2.1)
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where P
(m) (β)
(µ)α(j) =
∂M
(m)
(µ)α
∂x
j
β
− δβµG
m
jα + δ
m
j H
β
µα, P
(m) (β)
(µ)i(j) =
∂N
(m)
(µ)i
∂x
j
β
− δβµL
m
ji ,
R
(m)
(µ)αβ =
δM
(m)
(µ)α
δtβ
−
δM
(m)
(µ)β
δtα
, R
(m)
(µ)αj =
δM
(m)
(µ)α
δxj
−
δN
(m)
(µ)j
δtα
, R
(m)
(µ)ij =
δN
(m)
(µ)i
δxj
−
δN
(m)
(µ)j
δxi
,
S
(m)(α)(β)
(µ)(i)(j) = δ
α
µC
m(β)
i(j) − δ
β
µC
m(α)
j(i) , T
m
αj = −G
m
jα, T
m
ij = L
m
ij − L
m
ji , P
m(β)
i(j) = C
m(β)
i(j) .
Remark 2.1 For the Berwald Γ0-linear connection associated to the metrics hαβ and
ϕij , all torsion d-tensors vanish, except
R
(m)
(µ)αβ = −H
γ
µαβx
m
γ , R
(m)
(µ)ij = r
m
ijlx
l
µ,(2.2)
where Hγµαβ (resp. r
m
ijl) are the curvature tensors of the metric hαβ (resp. ϕij).
The form of expressions of local curvature d-tensors from the general case of a
Γ-linear connection [12], and again the properties of the h-normal Γ-linear connection
∇, imply a reduction (from eighteen to seven) of the number of the effective curvature
d-tensors attached to an h-normal Γ-linear connection. Consequently, we obtain
Theorem 2.2 The curvature d-tensor R of an h-normal Γ-linear connection ∇, is
characterized by seven effective local d-tensors,
hT hM v
hThT H
α
ηβγ R
l
iβγ R
(l)(α)
(η)(i)βγ = δ
α
ηR
l
iβγ + δ
l
iH
α
ηβγ
hMhT 0 R
l
iβk R
(l)(α)
(η)(i)βk = δ
α
ηR
l
iβk
hMhM 0 R
l
ijk R
(l)(α)
(η)(i)jk = δ
α
ηR
l
ijk
vhT 0 P
l (γ)
iβ(k) P
(l)(α) (γ)
(η)(i)β(k) = δ
α
ηP
l (γ)
iβ(k)
vhM 0 P
l (γ)
ij(k) P
(l)(α) (γ)
(η)(i)j(k) = δ
α
η P
l (γ)
ij(k)
vv 0 S
l(β)(γ)
i(j)(k) S
(l)(α)(β)(γ)
(η)(i)(j)(k) = δ
α
η S
l(β)(γ)
i(j)(k)
(2.3)
where
Hαηβγ =
∂Hαηβ
∂tγ
−
∂Hαηγ
∂tβ
+HµηβH
α
µγ −H
µ
ηγH
α
µβ ,
Rliβγ =
δGliβ
δtγ
−
δGliγ
δtβ
+GmiβG
l
mγ −G
m
iγG
l
mβ + C
l(µ)
i(m)R
(m)
(µ)βγ ,
Rliβk =
δGliβ
δxk
−
δLlik
δtβ
+GmiβL
l
mk − L
m
ikG
l
mβ + C
l(µ)
i(m)R
(m)
(µ)βk,
Rlijk =
δLlij
δxk
−
δLlik
δxj
+ LmijL
l
mk − L
m
ikL
l
mj + C
l(µ)
i(m)R
(m)
(µ)jk,
P
l (γ)
iβ(k) =
∂Gliβ
∂xkγ
− C
l(γ)
i(k)/β + C
l(µ)
i(m)P
(m) (γ)
(µ)β(k) ,
P
l (γ)
ij(k) =
∂Llij
∂xkγ
− C
l(γ)
i(k)|j + C
l(µ)
i(m)P
(m) (γ)
(µ)j(k) ,
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S
l(β)(γ)
i(j)(k) =
∂C
l(β)
i(j)
∂xkγ
−
∂C
l(γ)
i(k)
∂x
j
β
+ C
m(β)
i(j) C
l(γ)
m(k) − C
m(γ)
i(k) C
l(β)
m(j).
Remark 2.1 In the case of the Berwald Γ0-linear connection associated to the metric
pair (hαβ , ϕij), all curvature d-tensors vanish, except H
δ
αβγ and R
l
ijk = r
l
ijk , where
rlijk are the curvature tensors of the metric ϕij .
3 Ricci identities. Deflection d-tensors identities
The Ricci identities of a Γ-linear connection are described in [12]. In the particular
case of an h-normal Γ-linear connection, these simplify because the number and the
form of the torsion and curvature d-tensors reduced. A meaningful reduction of
these identities can be obtained, considering the more particular case of an h-normal
Γ-linear connection ∇ of Cartan type, (i. e. , Lijk = L
i
kj and C
i(γ)
j(k) = C
i(γ)
k(j)). In that
case, the condition Lijk = L
i
kj implies T
i
jk = 0. Consequently, we have
Theorem 3.1 The following Ricci identities of an h-normal Γ-linear connection of
Cartan type, are true:
(hT )


Xα/β/γ −X
α
/γ/β = X
µHαµβγ −X
α|
(µ)
(m)R
(m)
(µ)βγ
Xα/β|k −X
α
|k/β = −X
α
|mT
m
βk −X
α|
(µ)
(m)R
(m)
(µ)βk
Xα|j|k −X
α
|k|j = −X
α|
(µ)
(m)R
(m)
(µ)jk
Xα/β|
(γ)
(k) −X
α|
(γ)
(k)/β = −X
α|
(µ)
(m)P
(m) (γ)
(µ)β(k)
Xα|j|
(γ)
(k) −X
α|
(γ)
(k)|j = −X
α
|mC
m(γ)
j(k) −X
α|
(µ)
(m)P
(m) (γ)
(µ)j(k)
Xα|
(β)
(j) |
(γ)
(k) −X
α|
(γ)
(k)|
(β)
(j) = −X
α|
(µ)
(m)S
(m)(β)(γ)
(µ)(j)(k) ,
(hM )


X i/β/γ −X
i
/γ/β = X
mRimβγ −X
i|
(µ)
(m)R
(m)
(µ)βγ
X i/β|k −X
i
|k/β = X
mRimβk −X
i
|mT
m
βk −X
i|
(µ)
(m)R
(m)
(µ)βk
X i|j|k −X
i
|k|j = X
mRimjk −X
i|
(µ)
(m)R
(m)
(µ)jk
X i/β |
(γ)
(k) −X
i|
(γ)
(k)/β = X
mP
i (γ)
mβ(k) −X
i|
(µ)
(m)P
(m) (γ)
(µ)β(k)
X i|j |
(γ)
(k) −X
i|
(γ)
(k)|j = X
mP
i (γ)
mj(k) −X
i
|mC
m(γ)
j(k) −X
i|
(µ)
(m)P
(m) (γ)
(µ)j(k)
X i|
(β)
(j) |
(γ)
(k) −X
i|
(γ)
(k) |
(β)
(j) = X
mS
i(β)(γ)
m(j)(k) −X
i|
(µ)
(m)S
(m)(β)(γ)
(µ)(j)(k) ,
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(v)


X
(i)
(α)/β/γ −X
(i)
(α)/γ/β = X
(m)
(α) R
i
mβγ −X
(i)
(µ)H
µ
αβγ −X
(i)
(α)|
(µ)
(m)R
(m)
(µ)βγ
X
(i)
(α)/β|k −X
(i)
(α)|k/β = X
(m)
(α) R
i
mβk −X
(i)
(α)|mT
m
βk −X
(i)
(α)|
(µ)
(m)R
(m)
(µ)βk
X
(i)
(α)|j|k −X
(i)
(α)|k|j = X
(m)
(α) R
i
mjk −X
(i)
(α)|
(µ)
(m)R
(m)
(µ)jk
X
(i)
(α)/β |
(γ)
(k) −X
(i)
(α)|
(γ)
(k)/β = X
(m)
(α) P
i (γ)
mβ(k) −X
(i)
(α)|
(µ)
(m)P
(m) (γ)
(µ)β(k)
X
(i)
(α)|j|
(γ)
(k) −X
(i)
(α)|
(γ)
(k)|j = X
(m)
(α) P
i (γ)
mj(k) −X
(i)
(α)|mC
m(γ)
j(k) −X
(i)
(α)|
(µ)
(m)P
(m) (γ)
(µ)j(k)
X
(i)
(α)|
(β)
(j) |
(γ)
(k) −X
(i)
(α)|
(γ)
(k)|
(β)
(j) = X
(m)
(α) S
i(β)(γ)
m(j)(k) −X
(i)
(α)|
(µ)
(m)S
(m)(β)(γ)
(µ)(j)(k) ,
where X = Xα
δ
δtα
+X i
δ
δxi
+X
(i)
(α)
∂
∂xiα
is an arbitrary d-vector field on J1(T,M).
In the sequel, let us consider the canonical Liouville d-tensor C= xiα
∂
∂xiα
. We
construct the deflection d-tensors associated to the h-normal Γ-linear connection ∇,
setting
D¯
(i)
(α)β = x
i
α/β , D
(i)
(α)k = x
i
α|k, d
(i)(γ)
(α)(k) = x
i
α|
(γ)
(k),(3.1)
where ”/β”, ”|k” and ”|
(γ)
(k) are the local covariant derivatives induced by ∇. By a
direct calculation, the deflection d-tensors get the expressions

D¯
(i)
(α)β = −M
(i)
(α)β +G
i
mβx
m
α −H
µ
αβx
i
µ
D
(i)
(α)j = −N
(i)
(α)j + L
i
mjx
m
α
d
(i)(β)
(α)(j) = δ
i
jδ
β
α + C
i(β)
m(j)x
m
α .
(3.2)
Applying the (v)-set of the Ricci identities to the components of the Liouville
vector field, we obtain
Theorem 3.2 The deflection d-tensors, attached to the h-normal Γ-linear connection
∇, verify the identities:

D¯
(i)
(α)β/γ − D¯
(i)
(α)γ/β = x
m
α R
i
mβγ − x
i
µH
µ
αβγ − d
(i)(µ)
(α)(m)R
(m)
(µ)βγ
D¯
(i)
(α)β|k −D
(i)
(α)k/β = x
m
α R
i
mβk −D
(i)
(α)mT
m
βk − d
(i)(µ)
(α)(m)R
(m)
(µ)βk
D
(i)
(α)j|k −D
(i)
(α)k|j = x
m
α R
i
mjk − d
(i)(µ)
(α)(m)R
(m)
(µ)jk
D¯
(i)
(α)β|
(γ)
(k) − d
(i)(γ)
(α)(k)/β = x
m
α P
i (γ)
mβ(k) − d
(i)(µ)
(α)(m)P
(m) (γ)
(µ)β(k)
D
(i)
(α)j |
(γ)
(k) − d
(i)(γ)
(α)(k)|j = x
m
α P
i (γ)
mj(k) −D
(i)
(α)mC
m(γ)
j(k) − d
(i)(µ)
(α)(m)P
(m) (γ)
(µ)j(k)
d
(i)(β)
(α)(j)|
(γ)
(k) − d
(i)(γ)
(α)(k)|
(β)
(j) = x
m
α S
i(β)(γ)
m(j)(k) − d
(i)(µ)
(α)(m)S
(m)(β)(γ)
(µ)(j)(k) .
(3.3)
Remark 3.1 The importance of the deflection d-tensors identities is emphasized in
[7], [9], where is developped the (generalized) metrical multi-time Lagrangian geometry
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of physical fields on J1(T,M). In that context, the deflection d-tensors identities are
used in the description of the Maxwell equations which govern the electromagnetic
field of a (generalized) metrical multi-time Lagrange space [7], [11].
4 Bianchi identities
From the general theory of linear connections on a vector bundle E, is known that
the torsions T and the curvature R of a linear connection ∇ are not independent.
They verify the Bianchi identities, whose expressions, in a local basis (XA) of X (E),
are [5], [12] { ∑
{A,B,C}{R
F
ABC − T
F
AB:C − T
G
ABT
F
CG} = 0∑
{A,B,C}{R
F
DAB:C + T
G
ABR
F
DAG} = 0,
(4.1)
where R(XA, XB)XC = R
D
CBAXD, T(XA, XB) = T
D
BAXD and ”:C” represents the
local covariant derivative induced by ∇.
In our context, we haveE = J1(T,M). Let Γ = (M
(i)
(α)β , N
(i)
(α)j) be a fixed nonlinear
connection on E, and (XA) =
(
δ
δtα
,
δ
δxi
,
∂
∂xiα
)
its adapted basis. In the sequel, we
try to rewrite the above Bianchi identities for an h-normal Γ-linear connection ∇ of
Cartan type on E. In this sense, taking into account that the indices A,B, . . . are
of type
{
α, i, (α)
(i)
}
, it follows that the covariant derivative ”:A” becomes one of the
coveriant derivatives ”/α”, ”|i” or ”|
(α)
(i) ”. Consequently, we deduce
Theorem 4.1 The following thirty effective Bianchi identities of the h-normal
Γ-linear connection ∇ of Cartan type are true:
(1)


1. 1
∑
{α,β,γ}H
δ
αβγ = 0
1. 2 A{α,β}
{
T lαmT
m
βk − T
l
αk/β
}
= Rlkαβ − C
l(µ)
k(m)R
(m)
(µ)αβ
1. 3 A{j,k}
{
C
l(µ)
k(m)R
(m)
(µ)αj +R
l
jαk + T
l
αj|k
}
= 0
1. 4
∑
{i,j,k}
{
C
l(µ)
k(m)R
(m)
(µ)ij −R
l
ijk
}
= 0,
(2)


2. 1
∑
{α,β,γ}
{
R
(l)
(δ)αβ/γ + P
(l) (µ)
(δ)γ(m)R
(m)
(µ)αβ
}
= 0
2. 2 A{α,β}
{
R
(l)
(δ)αk/β + P
(l) (µ)
(δ)β(m)R
(m)
(µ)αk +R
(l)
(δ)βmT
m
αk
}
= R
(l)
(δ)αβ|k+
+ P
(l) (µ)
(δ)k(m)R
(m)
(µ)αβ
2. 3 A{j,k}
{
R
(l)
(δ)αj|k + P
(l) (µ)
(δ)k(m)R
(m)
(µ)αj +R
(l)
(δ)kmT
m
αj
}
= −R
(l)
(δ)αj|k−
− P
(l) (µ)
(δ)α(m)R
(m)
(µ)jk
2. 4
∑
{i,j,k}
{
R
(l)
(δ)ij|k + P
(l) (µ)
(δ)k(m)R
(m)
(µ)ij
}
= 0,
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(3)


3. 1 T lαk|
(ε)
(p) − C
l(ε)
m(p)T
m
αk + P
l (ε)
kα(p) − C
l(ε)
k(p)/α − C
l(µ)
k(m)P
(m) (ε)
(µ)α(p) = 0
3. 2 A{j,k}
{
C
l(ε)
j(p)|k + C
l(µ)
k(m)P
(m) (ε)
(µ)j(p) + P
l (ε)
jk(p)
}
= 0,
(4)


4. 1 A{α,β}
{
P
(l) (ε)
(δ)α(p)/β + P
(l) (µ)
(δ)β(m)P
(m) (ε)
(µ)α(p)
}
= R
(l)
(δ)αβ |
(ε)
(p)−
−R
(l)(ε)
(δ)(p)αβ + S
(l)(ε)(µ)
(δ)(p)(m)R
(m)
(µ)αβ
4. 2 A{α,k}
{
P
(l) (ε)
(δ)α(p)|k + P
(l) (µ)
(δ)k(m)P
(m) (ε)
(µ)α(p)
}
= R
(l)
(δ)αk|
(ε)
(p)−
−R
(l)(ε)
(δ)(p)αk + S
(l)(ε)(µ)
(δ)(p)(m)R
(m)
(µ)αk +R
(l)
(δ)αmC
m(ε)
k(p) − T
m
αkP
(l) (ε)
(δ)m(p)
4. 3 A{j,k}
{
P
(l) (ε)
(δ)j(p)|k + P
(l) (µ)
(δ)k(m)P
(m) (ε)
(µ)j(p) + R
(l)
(δ)kmC
m(ε)
j(p)
}
=
= R
(l)
(δ)jk|
(ε)
(p) −R
(l)(ε)
(δ)(p)jk + S
(l)(ε)(µ)
(δ)(p)(m)R
(m)
(µ)jk,
(5)
{
5. 1 A{ (β)
(j)
,
(γ)
(k)
} {Cl(β)i(j) |(γ)(k) + Cm(γ)i(k) Cl(β)m(j)} = Sl(β)(γ)i(j)(k) − Cl(µ)i(m)S(m)(β)(γ)(µ)(j)(k) ,
(6)


6. 1 A{ (β)
(j)
,
(γ)
(k)
} {P (l) (β)(δ)α(j) |(γ)(k) + P (m) (β)(µ)α(j) S(l)(γ)(µ)(δ)(k)(m) + P (l)(β) (γ)(δ)(j)α(k)} =
= −S
(l)(β)(γ)
(δ)(j)(k)/α − S
(m)(β)(γ)
(µ)(j)(k) P
(l) (µ)
(δ)α(m)
6. 2 A{ (β)
(j)
, (γ)
(k)
} {P (l) (β)(δ)i(j) |(γ)(k) + P (m) (β)(µ)i(j) S(l)(γ)(µ)(δ)(k)(m) + P (l)(β) (γ)(δ)(j)i(k)} =
= −S
(l)(β)(γ)
(δ)(j)(k)|i − S
(m)(β)(γ)
(µ)(j)(k) P
(l) (µ)
(δ)i(m),
(7)
{
7. 1
∑{
(α)
(i)
,
(β)
(j)
,
(γ)
(k)
} {S(l)(α)(β)(δ)(i)(j) |(γ)(k) + S(m)(α)(β)(µ)(i)(j) S(l)(γ)(µ)(δ)(k)(m) − S(l)(α)(β)(γ)(δ)(i)(j)(k) } = 0,
(8)


8. 1
∑
{α,β,γ}H
δ
εαβ/γ = 0
8. 2 Hδεαβ|k = 0
8. 3
∑
{i,j,k} R
(m)
(µ)ijP
(δ) (µ)
(ε)k(m) = 0
8. 4
∑
{α,β,γ}
{
Rlpαβ/γ −R
(m)
(µ)αβP
l (µ)
pγ(m)
}
= 0
8. 5 A{α,β}
{
Rlpαk/β +R
(m)
(µ)αkP
l (µ)
pβ(m) − T
m
αkR
l
pβm
}
= Rlpαβ +R
(m)
(µ)αβP
l (µ)
pk(m)
8. 6 A{j,k}
{
Rlpαj|k +R
(m)
(µ)αjP
l (µ)
pk(m) − T
m
αjR
l
pkm
}
= −Rlpjk/α +R
(m)
(µ)αkP
l (µ)
pj(m)
8. 7
∑
{i,j,k}
{
Rlpij|k −R
(m)
(µ)ijP
l (µ)
pk(m)
}
= 0,
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(9)


9. 1 A{α,β}
{
P
l (ε)
iα(p)/β − P
(m) (ε)
(µ)α(p) P
l (µ)
iβ(m)
}
= Rliαβ |
(ε)
(p) +R
(m)
(µ)αβS
l(ε)(µ)
i(p)(m)
9. 2 A{α,k}
{
P
l (ε)
iα(p)|k − P
(m) (ε)
(µ)α(p) P
l (µ)
ik(m)
}
= Rliαk|
(ε)
(p) −R
(m)
(µ)αkS
l(ε)(µ)
i(p)(m)−
− C
m(ε)
k(p) R
l
iαm + T
m
αkP
l (ε)
im(p)
9. 3 A{j,k}
{
P
l (ε)
ij(p)|k − P
(m) (ε)
(µ)j(p) P
l (µ)
ik(m) − C
m(ε)
j(p) R
l
ikm
}
= Rlijk|
(ε)
(p)+
+R
(m)
(µ)jkS
l(ε)(µ)
i(p)(m),
(10)


10. 1 A{ (β)
(j)
, (γ)
(k)
} {P l (β)pα(j) |(γ)(k) − P (m) (β)(µ)α(j) Sl(γ)(µ)p(k)(m)} = Sl(β)(γ)p(j)(k)/α+
+ S
(m)(β)(γ)
(µ)(j)(k) P
l (µ)
pα(m)
10. 2 A{ (β)
(j)
,
(γ)
(k)
} {P l (β)pi(j) |(γ)(k) − P (m) (β)(µ)i(j) Sl(γ)(µ)p(k)(m) + Cm(β)i(j) P l (γ)pm(k)} =
= S
l(β)(γ)
p(j)(k)|i + S
(m)(β)(γ)
(µ)(j)(k) P
l (µ)
pi(m),
(11)
{
11. 1
∑{
(α)
(i)
,
(β)
(j)
,
(γ)
(k)
} {Sl(α)(β)p(i)(j) |(γ)(k) + S(m)(α)(β)(µ)(i)(j) Sl(γ)(µ)p(k)(m)} = 0,
where, if {A,B,C} are indices of type
{
α, i, (α)
(i)
}
then
∑
{A,B,C} means the cyclic
sum and A{A,B} means alternate sum.
Remarks 4.1 i) In the particular case (T, h) = (R, δ), the last identity of every above
set of the Bianchi identities reduces to the one of the classical eleven Bianchi identities
of an N -linear connection from the Lagrange geometry [5].
ii) The Bianchi identities of an h-normal Γ-linear connection of Cartan type are
used in the description of the Maxwell equations and the conservation laws of the
Einstein equations of the gravitational potentials from the background of the (gener-
alized) metrical multi-time Lagrange geometry of physical fields [7], [9].
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